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One Data Set - Same Analysis

• 4 Different Interpretations
• Which appropriate is determined by

– Nature of study variables

– Order data collected

• All 4 could be considered for 1 data set but 
only 1 of the 4 interpretations is correct
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Example
• Suppose we want to study manufacturing 

process where 5 different material lots are to be 
processed by 3 different operators

• Clearly a two-way experiment
• Whether we learn if there are differences 

between 
– Lots
– Operators
– Both
– Nothing

Determined by the order
of the

experimental runs
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Scenario 1
• If all 3 operators are on the job at same 

time & lots are processed in order (Lot 1, 
Lot 2,…,Lot 5)

• With each part being made by a randomly 
chosen operator, then 
– Lot is a blocking variable
– Operator is the treatment variable

• Design - Randomized Block
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Scenario 2
• Suppose the 3 operators work successive 

shifts & material from the 5 different lots 
can be processed in random order 
(Material is stockpiled & then chosen)
– Lot is the treatment variable

– Operator is a blocking variable 

• Design - Randomized Block
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Scenario 3
• Suppose the 3 operators & the 5 different 

lots are both completely randomized
• Possible if random parts from all 5 lots 

were given to random operators in random 
order

• Design – 5 x 3 Factorial 
• Can identify differences between lots & 

operators in the same experiment
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Scenario 4
• Suppose neither the 3 operators nor the 5 

different lots are randomized
• Easiest way to run the experiment
• But can’t draw any safe conclusions about 

differences between level of lots or 
operators

• In effect both variables are blocking 
variables
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What happens?
• For all 4 scenarios, data are exactly the same

• The ANOVA will give exactly the same results, 
since doesn’t account for the order of the 
experimental runs (random or not)

• Experimenter’s responsibility to see that the 
correct randomization plan is used 
– To support the goals of the experiment
– To make the correct interpretation of the results
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Practice Example

• A two-way classification experiment is 
being designed

• The potential run orders being considered 
are shown in the next table

• Identify the design & describe what can be 
learned 
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Two-way Experiment
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Factorial Designs

• In general, can be used to analyze multi-
way classification problems

• There will be two-way interactions 
between pairs of variables

• Potentially there will be three-way & higher 
order interactions to consider
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Factorial Designs

• Number of classification variables is k
– # of Main Effects 

– # of 2-way Interactions  

– # of 3-way interactions  

– and so on

1

k 
 
 

2

k 
 
 

3

k 
 
 
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Factorial Designs

• Number of degrees of freedom for any 
interaction is always equal to the product 
of the # of df of the main effects involved 
in the interaction

• Most engineering situations 3-way & 
higher interactions are rare
– Usually assume insignificant

– Always get opinion of expert on the process



Factorial Designs

• If 2 or more replicates, then all interactions 
between 2 variables, 3 variables, & up to 
the single k-factor interaction can be 
included in the model

• Wise to analyze the full model to see if any 
higher-order interactions are significant
– If not, drop them from model & pool with error

– Simpler to explain



Factorial Designs

• Same # of replicates for each cell is said 
to be balanced

• When all possible a x b x … cells are 
included in the design, factorial design is 
said to be full

• These among the best-behaved designs
• Some of the easiest to analyze
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3 x 4 x 5 Full Factorial Experiment
• With two replicates
• Determine the df for each term in model if 

the model includes main effects as well as 
2-factor and 3-factor interactions.

• How many error df will there be?
• How many error df if we omit the 3-factor 

interaction from the model?
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3 x 4 x 5 Full Factorial Experiment
with 2 replicates

Total


ABC

BC

AC

AB

C

B

A

dfSource

2

3

4

6
8

12

24

60
119

2

3

4

6
8

12

84
119



Introduction to Factorials

• General principles of factorial 
experiments

• The two-factor factorial with fixed effects
• The ANOVA for factorials
• Extensions to more than two factors
• Quantitative and qualitative factors –

response curves and surfaces



Some Basic Definitions

Definition of a factor effect: The change in the mean response 
when the factor is changed from low to high

40 52 20 30
21

2 2
30 52 20 40

11
2 2

52 20 30 40
1

2 2

A A

B B

A y y

B y y

AB

 

 

 
    

 
    

 
   



The Case of Interaction:

50 12 20 40
1

2 2
40 12 20 50

9
2 2
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2 2

A A

B B

A y y

B y y

AB

 

 

 
    

 
     

 
   



Regression Model & Associated Response Surface

0 1 1 2 2 12 1 2

1 2 1 2

1 2

The least squares fit is

ˆ 35.5 10.5 5.5 0.5

35.5 10.5 5.5

y x x x x

y x x x x

x x

        

   
  



Effect of Interaction on Response Surface

Suppose that we add an interaction term to the model:

1 2 1 2ˆ 35.5 10.5 5.5 8y x x x x   

Interaction is actually a form of curvature



Advantages

• More Efficient than one-factor-at-a-time 
experiments

• Necessary when interaction may be 
present to avoid misleading conclusions

• Allow the effects of a factor to be 
estimated at several levels of the other 
factor, yielding conclusions that are valid 
over a range of experimental conditions



Example 5-1 
The Battery Life Experiment

A = Material type; B = Temperature (A quantitative variable)

1. What effects do material type & temperature have on life?

2.    Is there a choice of material that would give long life regardless of  
temperature (a robust product)?



General Two-Factor 
Factorial Experiment

This is a completely randomized design

a levels

b levels

n replicates



Statistical (effects) model:
1,2,...,

( ) 1, 2,...,

1,2,...,
ijk i j ij ijk

i a

y j b

k n

    


     
 



Extension of the ANOVA to Factorials 
(Fixed Effects Case)

2 2 2
... .. ... . . ...

1 1 1 1 1

2 2
. .. . . ... .

1 1 1 1 1

( ) ( ) ( )

                                  ( ) ( )

a b n a b

ijk i j
i j k i j

a b a b n

ij i j ijk ij
i j i j k

y y bn y y an y y

n y y y y y y

    

    

    

     

  

 

 breakdown:

1 1 1 ( 1)( 1) ( 1)

T A B AB ESS SS SS SS SS

df

abn a b a b ab n

   

         



ANOVA Table – Fixed Effects Case

Software will perform the computations

Details of manual computing – see pp. 169 & 170
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MINITAB Output – Example 5-1



Residual Analysis – Example 5-1



Residual Analysis – Example 5-1






